
334 A.G.Pokln and T.D.Shermergor 

REFERENCES 

1. Voigt, W., Lehrbuch der Kristalfpbysik. Berlin, 1928. 
2. Reuss, A., Berechnung der Fliessgrenze von Mischkristallen auf Grund der Plas- 

tizitLTtbedingung filr Einkristalle. Z. Angew. Math. turd Mech. , Bd. 9, I+ 49, 1929. 
3. Fokin, A.G. and Shermergor, T, D., Calculation of the effective elastic 

moduli of composite materials taking account of multiparticle interactions. Prikl. 

Mekh. i Tekh, Fiz, , %l, 1969. 
4. Bolotin, V. V. and Moskalenko, V. N., Macroscopic characteristics of 

micro-inhomogeneous solids. Dokl. Akad. Nauk SSSR, Vol. 178, Na 3, 1968. 

5. Hershey, A. V., The elasticity of an isotropic aggregate of an anisotropic cubic 

crystal. J. Appl. Mech., Vol.21, Np 3, 1954. 
6. Kroner, E., Zur plastischen Verformung der Viekristalle. Acta Metallurgica, 

Vol. 9, 1961. 
7. Kadashevich, Iu. I, and Novozhilov, V. V. , Influence of initial micro- 

stresses on the macroscopic strain of polycrystals. PMM Vol. 32, NQ 5, 1968. 

8. Fokin, A. G., On the use of the singular approximation to solve problems of sta- 

tistical elasticity theory. Prikl. Mekh. Tekh. Fiz., N’ I, 1972. 
9. Hashin, Z. and Shtrikman, S, , A variational approach on the theory of 

the elastic behavior of multiphase materials. J. Mech, Phys. Solids, Vol. 11, w 2, 

1963. 
10. Fokin, A. G. and Shermergor, T, D., Correlation functions of an elastic 

field of quasi-isotropic solid bodies. PMM Vol. 32, Ng4, 1968. 

11. Fokin, A.G. and Shermergor, T, D., Elastic field correlation functions 
for the quasi-isotropic composite materials under anisotropic strain. PMM Vol. 

37, l+2, 1973. 
Translated by M.D. F. 

UDC 531.31 

ON THE ~UC~IL~Y OF THE EQUATION OF THE RESTRICTED CIRCULAR, 

THREE-BODY ~OE~M TO THE ST%KEL TYPE 

PMM Vol. 38, NQ 2, 1974, pp. 364-366 
E, A. GREBENNIKOV and M. N. KIOS A 

(Moscow) 
(Received 21 June 1973) 

EQUATIONS 

It is shown that no generalized coordinates exist in which the total integral of the Ham- 
ilton-Jacobi equation for a restricted circular,three-body problem can be represented in 
the form of a finite sum of the functions each of which depends on a single generalized 
coordinate. 

The Hamilton-Jacobi equation for a restricted plane circular, three-body problem in 

elliptical variables u, c has the form [I] 



Irreduciblllty of the equations of a three-body problem 
to the S&keltype equations 
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F, (u) = W ch 2u + 2fc (m, + m,) ch u 

F, (v) = -hc2 cos 227 + 2fc (m. - ml) cos n 

Here f is the gravitational constant, 11 is the constant of the Jacobi integral, n is the 
angular velocity of rotation of the attrac- 

P(X, Yi 

-&L 

ting points P, and P, of mass m,, and ml , 
respectively, about a common center of 

mass G. Other parameters are shown on 

r, Fig. 1 where 

r$ = (2 + c)” + y2, r1* = (5 - cj2 + Y2 

Fig. 1 
The elliptical and rectangular coordinates 
of the point P are connected by the fol- 

lowing relations : 
2c ch u = r,, + rr, 2c cos 2’ = i-D - rr 

In the case of two independent variables, we shall call the nonlinear partial differen- 
tial equation 

11 (Sl) [Z i- ‘PI (41)/gt fa ((la) [$ j- cp~ (~1~) 
1 
’ = ah (qlj t- a (q2) (2) _ 

the Stlckel equation. This is the form which the Hamilton-Jacobi equation assumes 
when it is integrated by the method of separation of variables. As we know [2, 41 the 

StBckel and Liouville systems and their generalizations are reduced to this form. 
The Stlckel theorem [2, 51 gives the necessary and sufficient conditions for the sepa- 

ration of variables in the Hamilton-Jacobi equation, i. e, it contains the conditions un- 

der which the Hamilton-Jacobi equation written in the independent variables q1 and 92 
is reduced to the form (2) in the same variables. 

Let us perform the following differentiable nondegenerate change of variables 

u = $1 hr 547 u = $2 (Ql? Qd (3) 

denoting the inverse operation by 

q1 = 01 (u, v), qz = 02 (u, c) 

Theorem. No nondegenerate differentiable change of variables of the type (3) 

exists which transforms the Hamilton-Jacobi equation (1) into the Stlckel equation (2). 
Proof. The conditions of transformation of (1) into (2) contain 

(~)“,-($+ji,li, (i=l,2) 
(4) 

ao, aoa ao, a02 -- 
au au +aU3TEo 

FI(u) + Pz(z)) = @I(Q) + @,s(wz) - fl(~3 ‘Fi’(ol) - fez ‘pi.’ 

am. 
[ nc2 sin 2~ - nc (nl - ao) c.h u sin ~11 -$- 3 

aa. 
[n?sh2u - IIC (nl- n,)sh u COW]+ = 2fi(~i)~i(~i) (i = l(2) 
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The system (4) consists of three nonlinear partial differential equations, two quasi-linear 
and one functional equation, and has eight unknown functions (oi, 02, ji, jz, ql, Q, @i, 

@*). We shall prove that if n -0 and c # 0, then the system (4) is incompatible no 
matter what functions are chosen to appear in it. 

The total integrals of the first and second equations of (4) are obtained using the Lag- 

range-Charpy method [6] 
u -t C1D + CZ =z 1/l + c1’ c e v;‘:El, 

- (5) 

C$C + 2’ + Cd _= 1/ 1:’ * 
\ 

where Ci are arbitrary constants. The condition of nondegeneracy of (5) is C,C3 - I+ 
0. Taking (5) into account we can prove that the third equation of (4) is satisfied when 
C, = -Cs, therefore the substitution 

with any positive functions fi (hi) and j2 (q2) , satisfies the first three equations of (4). 
Let us now consider the fourth eqaution of (4). Substituting the relations (6) into the 

expressions for F, (u) and Fz (L’) and performing the necessary manipulations we can 
conclude, that the fourth equation of (4) holds when and only when C, = 0, since only 

in this case 6’r (a) + F, (c) remains a function with separated variables after the varia- 
ble change. This means that 

But the fifth equation of (4) has no solutions of the type qr = o1 (10 irrespective of the 
choice of the functions ji (or) and pi (or) (similarly the sixth equation has no solutions 
of the type qz = m2 (21)). 

Thus no curvilinear coordinates exist which could be used to transform the Hamilton- 
Jacobi equation for a plane restricted.three-body problem into a Sttickel type equation 

(2). 
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